We report new spectroscopic and photometric observations of the main-sequence, detached, eccentric, double-lined eclipsing binary V541 Cyg (P = 15.34 days, e = 0.468). Using these observations together with existing measurements we determine the component masses and radii to better than 1% precision: M 1 = 2.335 18. Both components are found to be rotating at the pseudo-synchronous rate. The system displays a slow periastron advance that is dominated by General Relativity (GR), and has previously been claimed to be slower than predicted by theory. Our new measurement,ω = 0.859
INTRODUCTION
V541 Cyg (also HD 331102, BD+30 3704, TYC 2656-3703-1, V = 10.44) is an early type (B9.5+B9.5) detached, eccentric, double-lined eclipsing binary with a relatively long period of 15.33 days (Kulikowski 1948 (Kulikowski , 1953 and nearly identical components. The first photoelectric light curve was obtained and analyzed by Khaliullin (1985) , but the masses could not be determined dynamically because no spectroscopic observations were available at the time. This was remedied by Lacy (1998) , who reported radial-velocity measurements for both components and analyzed them in conjunction with the V -band light curve from Khaliullin (1985) to obtain the absolute masses (≈2.2 M ⊙ ) and radii (≈1.8 R ⊙ ) with relative errors of about 4% and 2%, respectively.
The system is noteworthy in that it presents a periastron advance that is dominated by the general relativistic effect, estimated to be several times larger than the classical effects due to tidal and rotational distortions. However, there has been some disagreement over the precise rate of apsidal motion, which is fairly slow and difficult to determine, and how closely it conforms to theoretical expectations. Some authors have obtained good agreement with the predicted motion, while others have measured a rate of precession that is too slow, and argued that V541 Cyg may belong to a small group of binaries including DI Her and AS Cam that display similar discrepancies. Past speculations about possible shortcomings of General Relativity or alternative theories of gravitation that might explain the puzzle (e.g., Guinan & Maloney 1985) have largely fallen out of favor, and at least in the case of DI Her the "anomalous" apsidal motion has now been shown to be caused by the tilted spin axes of the stars relative to the axis of the orbit (Company et al. 1988; Albrecht et al. 2009 ).
The motivation for this paper is twofold. Firstly, we note that the precision of the mass and radius estimates by Lacy (1998) was limited by the quality and quantity of his spectroscopic observations. In particular, the masses are not quite precise enough for a meaningful comparison with modern stellar evolution models for this important binary system (see, e.g., Torres et al. 2010 ), a test that was not performed in the original study by that author. To this end we have obtained a much richer set of highresolution spectra that allows substantial improvement in the absolute dimensions of the two stars. We also bring to bear additional light curves obtained more recently to supplement the only existing set of photometric measurements by Khaliullin (1985) . Secondly, we wish to revisit the determination of the apsidal motion and the comparison with internal structure theory by taking advantage of all existing measurements (light curves, radial-velocity measurements, eclipse timings) in a self-consistent way. Previously this has been done using only the measured times of eclipse.
The paper is organized as follows. Section 2 and Section 3 describe our new spectroscopic and photometric observations of V541 Cyg, and the times of minimum light that have the longest time coverage are presented in Section 4. Our combined analysis of all the data is described in Section 5, followed by a summary of the inferred physical properties of the components in Section 6. Then in Section 7 we discuss the comparison of the mass, radius, and temperature determinations for V541 Cyg against current models of stellar evolution, and our new measurement of the rate of apsidal motion of the binary is presented in Section 8. We end with a discussion of these results and final remarks in Section 9.
SPECTROSCOPIC OBSERVATIONS
V541 Cyg was observed spectroscopically at the Harvard-Smithsonian Center for Astrophysics (CfA) with the Digital Speedometer (DS; Latham 1992) on the 1.5m Tillinghast reflector at the Fred L. Whipple Observatory on Mount Hopkins (AZ). This instrument (now decommissioned) was an echelle spectrograph with a resolving power of R ≈ 35, 000 equipped with a photoncounting intensified Reticon detector limiting the output to a single order 45Å wide centered on the Mg I b triplet at 5187Å. We gathered 72 exposures between 2000 July and 2004 October with signal-to-noise ratios ranging from 20 to 49 per resolution element of 8.5 km s −1 . One of the observations was obtained during an eclipse and was excluded from further analysis. Reductions were performed with a custom pipeline, and the wavelength calibration was based on exposures of a Thorium-Argon lamp before and after each science exposure. Exposures of the dusk and dawn sky were taken regularly for the purpose of monitoring instrumental drifts. All spectra are clearly double-lined.
Radial velocities (RVs) were determined by crosscorrelation using the two-dimensional algorithm TOD-COR (Zucker & Mazeh 1994) . Templates (one for each component) were taken from a large library of synthetic spectra based on model atmospheres by R. L. Kurucz (see Nordström et al. 1994; Latham et al. 2002) , computed for a range of temperatures (T eff ), surface gravities (log g), rotational broadenings (v sin i when seen in projection), and metallicities ([m/H]). The optimum templates were selected by cross-correlating each of our 71 spectra against synthetic spectra covering a wide range of parameters, and seeking the best match as measured by the maximum cross-correlation coefficient averaged over all exposures and weighted by the strength of each spectrum (see Torres et al. 2002) .
Experience has shown that the narrow wavelength coverage of our spectra introduces strong correlations between T eff , log g, and [m/H] such that optimal matches of similar quality can be obtained by slightly increasing or decreasing these three parameters in tandem. We therefore assumed initially that the metallicity is solar, and held log g fixed at values near those determined later in our analysis (Section 6). Because the grid spacing of our library in log g is 0.5 dex and the actual values (∼4.25 for both stars) are intermediate between two grid points, we repeated the determinations using log g values of 4.0 and 4.5, and interpolated the results. Similarly, the comparison with stellar evolution models described in Section 7 points to a composition intermediate between [m/H] = 0.0 and −0.5, so we repeated the determinations at the lower metallicity (for each of the two values of log g) and again interpolated. The resulting best-fit temperatures of the slightly larger and more massive primary component (star 1) and of the secondary (star 2) are 10650 K and 10350 K, respectively, with estimated uncertainties of 200 K. The v sin i values are 15±1 km s −1 for both stars. Templates near these best-fit values were used to derive the radial velocities. The flux ratio between the secondary and primary as determined with TODCOR is ℓ 2 /ℓ 1 = 0.92 ± 0.02 at the mean wavelength of our observations, 5187Å.
Systematic errors in the radial velocities that may result from spectral lines shifting in and out of the narrow spectral window as a function of orbital phase were investigated by means of numerical simulations as described by Torres et al. (1997) . Briefly, we generated artificial composite spectra matching each of the real spectra by combining the two templates scaled by the above flux ratio and with the proper relative Doppler shifts as determined from a preliminary spectroscopic orbital solution. We then processed these artificial spectra with TODCOR in the same way as the real spectra, and compared the input and output Doppler shifts. The differences were applied as corrections to the raw velocities measured from the real spectra, and were typically smaller than 0.5 km s −1 , which is only about 1/3 of our internal errors. The final radial velocities in the heliocentric frame are listed in Table 1 and include these corrections for systematics as well as small run-to-run adjustments to remove instrumental drifts, as described above. Typical uncertainties are about 1.5 km s −1 . In addition to our own observations we have made use in our analysis below of the 16 radial-velocity measurements by Lacy (1998) , which, although less numerous and of lower precision than our own, were obtained much earlier (1982) (1983) (1984) (1985) (1986) (1987) (1988) (1989) (1990) (1991) (1992) (1993) (1994) and can help to constrain the periastron advance.
PHOTOMETRIC OBSERVATIONS
The V -band observations of Khaliullin (1985) , which we reanalyze here, consist of 531 differential measurements obtained between 1981 May and 1983 July with a 0.5m reflector at the Crimea Observatory of the Sternberg Astronomical Institute. The comparison star was BD+30 3702 (HD 331103) and the check star was BD+31 3728 (HD 331101). The reported internal precision of these measurements is 0.009 mag.
More recent observations of V541 Cyg were obtained between 2007 May and 2014 November in the course of the Kilodegree Extremely Little Telescope transiting planet program (KELT; Pepper et al. 2007) . KELT is an all-sky photometric survey to discover transiting planets around bright host stars (7 < V < 11). It uses two telescopes: KELT-North located in Sonoita (AZ), and KELT-South at the South African Astronomical Observatory (SAAO). Both telescope systems are based on a Mamiya 645-series wide-angle 42mm lens with an 80mm focal length (f /1.9) giving a field of view of 26
• × 26
• . The observations of V541 Cyg reported here were gathered at the northern site with a 4096 × 4096 pixel Apogee AP16E CCD camera (9 µm pixels, corresponding to 23 ′′ on the sky) and a 10-20 minute cadence. V541 Cyg is located in KELT-North field 11 (α = 19 h 27 m 00 s , δ = 31
• 39 ′ 56 ′′ , J2000). The telescopes are mounted on a Paramount ME German equatorial mount causing images taken East of the meridian to have a 180
• rotation compared to the images to the West (Pepper et al. 2007 , 2012). As the optics for each telescope are not perfectly axisymmetric, the point spread function (PSF) of the same star in the corner of the images is not the same in each orientation. In addition, the PSF full-width-athalf-maximum (FWHM) varies between 3 and 6 pixels depending on where the star is positioned on the CCD. Therefore, the East and West images have been treated as independent time series throughout the reduction and detrending process. Because of the large PSF (∼1-2 ′ on the sky), light from neighboring stars is likely to affect the photometry and must be taken to account, as described in Section 5. The passband of these observations resembles that of a very broad R-band filter.
Reductions and detrending were carried out with a dedicated pipeline that produces three types of light curves for each target star in the program: a raw extracted light curve, a "scaled" version that is the raw light curve with a 90-day median smoothing applied, and a detrended version that uses the Trend Filtering Algorithm (TFA; Kovács et al. 2005) . For a detailed description of the KELT data acquisition, reduction, and post-processing, see Siverd et al. (2012) and Kuhn et al. (2016) . Because the TFA procedures are tuned for the detection of very shallow, transit-like signals characteristic of exoplanets, the results for objects with very deep (∼0.7 mag) eclipses such as those in V541 Cyg are less than optimal. Therefore, for the analysis in this paper we have made use of the "scaled" light curves. The time series East of the meridian consists of 3885 measurements with a typical internal photometric precision of 0.017 mag, and the one to the West has 2940 measurements with typical uncertainties of 0.013 mag. These observations are reported in Table 2 and Table 3 , respectively.
TIMES OF MINIMUM LIGHT
Numerous times of minimum light have been recorded for V541 Cyg and used over the years to improve the ephemeris. The more recent CCD measurements carry essentially all of the weight, and older photographic or visual timings that have occasionally been included have such large scatter that they are of little use for determining the apsidal motion. Prior to the publication of the photoelectric light curve of Khaliullin (1985) the most complete light curve of V541 Cyg was the one reported by Karpowicz (1961) , based on his extensive series of 161 photographic plates collected with a 14 cm astrograph at Ostrowik near Warsaw (Poland) between 1955 and 1959. From these observations Karpowicz reported three average times of minimum light for the primary and three for the secondary, each determined from plates restricted to time spans of no more than two years. Though perhaps better than other photographic estimates, even those timings give very large residuals by modern standards. However, it is still possible to extract useful information from this material in the form of one average time of primary minimum and one average time of secondary minimum for the entire series. This can be done by using all of Karpowicz' original photographic measurements together, which allows more complete coverage of the eclipses and therefore a better definition of the minima. The apsidal motion is slow enough that any change in the separation between primary and secondary eclipse over the four-year interval of these observations is small compared to the uncertainties. We proceeded as follows. We phase-folded the 161 brightness measurements with a preliminary ephemeris based on the analysis below, and then fit the primary and secondary eclipses separately using as a template a model light curve from a preliminary solution to the V -band data of Khaliullin (1985) . After applying a vertical offset to the template by eye, we allowed only a horizontal (phase) shift to fit each eclipse (keeping the shape fixed), and finally converted the phase shifts back to time units. We assigned these measurements to a reference epoch closest to the average time of all photographic observations, obtaining Min I = 2,436,262.3278 ± 0.0031 (HJD) and Min II = 2,436,269.3158±0.0031 (HJD). Table 4 lists Note.
-Measurement errors (σ) are listed as published.
"Type" is 1 for a primary eclipse, 2 for a secondary eclipse. Uncertainties for the timings with no published errors are assumed to be 0.001 days. O − C residuals are computed from the combined fit described in Section 5. Sources for the times of minimum light are: (1) Measurement made in this paper (see text) based on the photographic light curve of Karpowicz (1961) ; (2) Volkov & Khaliullin (1999) ; (3) Lines et al. (1989) ; (4) Diethelm (1999a) ; (5) Diethelm (1992b) ; (6) Agerer (1994) ; (7) Sandberg Lacy et al. (1995) ; (8) Wolf (1995) ; (9) Guinan et al. (1996) ; (10) Lacy et al. (1998) ; (11) Diethelm (1995) ; (12) Diethelm (1996) ; (13) Volkov & Khaliullin (1999) ; (14) Diethelm (1999) ; (15) (2015); (23) Hübscher (2015); (24) Hübscher (2016). a Timing from Khaliullin (1985) revised by Volkov & Khaliullin (1999) and ignored in the fit of Section 5 because the same information is already contained in the original light curve used in the global fit. b Measurement not used in the global fit for showing a very large residual (> 4σ).
these two timings along with all other published photoelectric/CCD timings. We note that, although the table also lists the two timings reported by Khaliullin (1985) , we do not use them here because our analysis incorporates the full V -band light curve from this author, which contains the same information.
In general one expects the times of secondary minimum to be more precisely determined than those of primary minimum for V541 Cyg, on account of the much shorter duration of the secondary eclipse (6 hours) compared to the primary (16 hours) caused by the large eccentricity and orientation of the orbit. However, this does not seem to be reflected in the formal uncertainties shown in Table 4 , possibly due to the heterogeneous nature of these measurements. Many studies have shown that formal timing errors tend to be underestimated, and our analysis below supports this.
ANALYSIS
The various data sets available for V541 Cyg are complementary in many ways. For example, the light curve of Khaliullin (1985) is of high quality but has incomplete coverage of the primary eclipse. The KELT data, on the other hand, have somewhat lower precision but offer essentially complete coverage of all phases, aiding in determining some of the geometric properties of the orbit. These two photometric time series provide strong constraints on the location of the line of apsides at two epochs some three decades apart. The times of minimum light from the previous section provide additional constraints on the apsidal motion over a longer time span of 57 years (see Figure 1) . Finally the radial velocities yield constraints of a different nature at other times, particularly on the eccentricity of the orbit, so that the optimum approach is to combine all of these data in a global fit to solve for all orbital parameters simultaneously, including the apsidal motion.
For the analysis of the light curves of this well-detached system we have adopted the Nelson-Davis-Etzel model (Popper & Etzel 1981; Etzel 1981) , implemented originally in the widely used EBOP code. The particular version of the light-curve generator in EBOP used here is a rewrite due to Irwin et al. (2011) that also handles apsidal motion 9 , and is especially useful within the framework of the Markov Chain Monte Carlo methodology we apply here. The parameters solved for include the sidereal period P sid , a reference time of primary eclipse T 0 chosen to be near the mean of all our times of observation to minimize correlations, the sum of the relative radii r 1 +r 2 normalized to the semimajor axis, the radius ratio k ≡ r 2 /r 1 , the cosine of the inclination angle cos i, the eccentricity parameters √ e cos ω and √ e sin ω at T 0 , the rate of apsidal motionω, the central surface brightness ratio J ≡ J 2 /J 1 , the fraction of third light divided by the total light (L 3 ), and a magnitude zero point m 0 . Light travel time across the system was accounted for, although the effect is hardly noticeable.
For the limb darkening effect we adopted the linear law with a coefficient u (assumed to be the same for the two nearly identical components), as experiments with higher-order prescriptions indicated no improvement. The gravity darkening input required by the code is the product of two values: the exponent β of the law relating the emergent bolometric flux to the local surface gravity, and a separate wavelength-specific gravity darkening coefficient, y λ .
10 Here we assume β = 1, as appropriate for radiative stars, and the coefficients y λ were set for each passband to values appropriate for the stellar temperatures: 0.67 and 0.68 for the primary and secondary in V , and 0.59 and 0.61 for the KELT passband. Separate values of the wavelength-dependent parameters J and u were considered for the Khaliullin (1985) data and for the two KELT light curves, and magnitude zero points were solved independently for each of the three light curves. Inclusion of the third light parameter was motivated in part by the report of the presence of a close visual companion to V541 Cyg in the Tycho Double Star Catalogue (Fabricius et al. 2002) , at an angular separation of 0.
′′ 75 in position angle 6.
• 2 and with a reported brightness difference of about 1.2 mag in the V T passband. We note, however, that subsequent observations by Mason et al. (2009) using speckle interferometry did not detect this companion, even though they were sensitive to it. One value of L 3 was included for the V -band data, and two additional values were used for the KELT data sets because their much larger PSF (∼1-2 ′ ; Section 3) is different for the east and west (see Section 3).
For the radial velocities we assumed pure Keplerian or-10 There has been some confusion in the literature regarding the nature of the input values for gravity darkening expected by the EBOP program in its various implementations, beginning with the original version (Popper & Etzel 1981; Etzel 1981) and continuing with its descendants such as JKTEBOP (Southworth 2013 ) and the code used here (Irwin et al. 2011) . While other light-curve fitting programs deal internally with the wavelength dependence of the flux F as affected by local gravity g using either the blackbody formula or model atmospheres, and therefore expect the input values for gravity darkening to be the exponent (β in recent usage) of the bolometric law F ∝ g β for each star (von Zeipel 1924; Lucy 1967; Claret 1998) , EBOP has no knowledge of the passband of the observations, or in fact of the absolute temperatures of the stars (by design). Therefore, it is up to the user to supply values appropriate for the wavelength λ and stellar temperatures, as is the case for the limb-darkening coefficients. EBOP adopts a simple Taylor expansion of the wavelength-dependent flux as a function of local gravity of the form F λ = F 0,λ [1 + y λ β(g − g 0 )/g 0 ] (see, e.g., Kopal 1959; Binnendijk 1960; Martynov 1973; Kitamura & Nakamura 1983) , retaining only the linear term consistent with the level of other approximations and the intended application of the model to simple, well-detached binary systems. The input required by EBOP is the product of β and the gravity darkening coefficient y λ , which depends on wavelength and also temperature. Expressions to compute y λ are provided in the above references using a blackbody approximation, which is sufficient for our purposes given that the gravity darkening effect is essentially negligible for nearly spherical stars such as those in V541 Cyg. Note that y is unity for the total (bolometric) flux, but varies significantly as a function of T eff and λ and can be larger or smaller than unity. Although the prescription for gravity darkening in terms of the coefficient y is described in the original documentation for EBOP (Etzel 1980) , where the implicit assumption is also made that β is always unity, that document is unpublished and has generally been difficult to obtain, which may have contributed to the confusion. bital motion, and solved for the velocity semi-amplitudes K 1 and K 2 , the center-of-mass velocity γ, as well as for a possible offset ∆ between the velocity zero points for the primary and secondary. The latter may arise, for example, from template mismatch in the cross-correlation procedure. The parameters γ and ∆ were solved independently for our own RVs and those of Lacy (1998) .
The times of minimum light were incorporated using the formalism of Lacy (1992) for the ephemeris curve solution. We note that the EBOP light-curve generator used here assumes T 0 is a time of inferior conjunction, rather than a time of minimum light, but the difference for this system is negligible.
Our method of solution used the emcee 11 code of Foreman-Mackey et al. (2013), which is a Python implementation of the affine-invariant Markov Chain Monte Carlo ensemble sampler proposed by Goodman & Weare (2010) . Uniform priors over suitable ranges were used for most parameters, and modified Jeffreys priors were used for third light and the jitter parameters (Gregory 2005) , although the results are insensitive to these assumptions. Relative weighting between the different data sets was handled by including additional adjustable parameters to inflate the observational errors, which were solved for self-consistently and simultaneously with the other parameters (see Gregory 2005) . To inflate the uncertainties of the three light curves we adopted simple scale factors f (V ), f (KELT east), and f (KELT west), as is customary, and for the radial velocities and the times of minimum we used separate "jitter" terms for the primary and secondary (ǫ RV,1 , ǫ RV,2 , ǫ Min I , ǫ Min II ) that we added quadratically to the published uncertainties. For the RVs of Lacy (1998) , which have no published uncertainties, we assumed errors of 2.5 km s −1 . The RV jitter terms were independent for the CfA velocities and those of Lacy (1998) .
Initial solutions converged to a value of the radius ratio k larger than unity, which for main-sequence stars such as those in V541 Cyg is inconsistent with a derived mass ratio that is smaller than unity. This is a common problem in fitting light curves of similar stars with partial eclipses, and is due to strong correlations among several of the parameters. In this case, external information must be used to lift the degeneracies, such as a light ratio from spectroscopy (see, e.g., Andersen et al. 1991) , which is very sensitive to the radius ratio: ℓ 2 /ℓ 1 ∝ k 2 . We therefore imposed a Gaussian prior on the V -band light ratio generated at each step in our Monte Carlo solution, set by the spectroscopic determination from Section 2, ℓ 2 /ℓ 1 = 0.92 ± 0.02. While this measurement is not strictly in the V passband, the difference is negligible for our purposes because of the similarity in temperature between the components.
The results of our global fit are presented in Table 5 , where we list for each parameter the mode of the posterior distributions along with the 68.3% credible intervals. Additional properties derived from the fitted quantities were computed by combining the corresponding Markov chains, link by link, and are reported as well. As anticipated, third light is highly significant for both of the KELT light curves, indicating an appreciable amount of flux is coming from nearby field stars. Contamination is larger to the east (∼18%) compared to the west (∼12%), which is also as expected. The fitted L 3 for the V -band light curve of Khaliullin (1985) is formally below 0.2% and not significantly different from zero. Therefore, we find no evidence for the ∆V ≈ 1.2 mag companion reported in the Tycho Double Star Catalogue, which if real should contribute about 25% of the light in V . This star would be expected to be even more prominent in the redder KELT passband, and yet the corresponding L 3 values are smaller than 25%. The radial-velocity offsets ∆ between the primary and secondary for both RV data sets are also not statistically significant. Repeating the fit with L 3 (V ) and the velocity offsets set to zero leads to nearly identical values for all elements. Nevertheless, we have chosen here to retain the results that include these extra parameters, to be conservative, so that any uncertainty in their determination is propagated through to the rest of the adjusted quantities. The linear limb-darkening coefficient for the V band, 0.339
−0.032 , is somewhat lower than the value of ∼0.45 expected from theory for the mean temperature of the components (e.g., Claret & Bloemen 2011) . The coefficient obtained for the KELT light curves, 0.408
−0.153 , is close to the value of 0.38 predicted for the R band but this is likely accidental as the passbands are not exactly the same.
A graphical representation of the photometric observations and the fitted light curves are given in Figure 2 for the V -band data of Khaliullin (1985) , and in Figure 3 and Figure 4 for the KELT measurements. In each case the residuals are shown below each panel. The resulting scatter of the photometric measurements is 0.015 mag in V , 0.025 mag for KELT east, and 0.017 mag for KELT west. The CfA RV observations along with those of Lacy (1998) are shown with the fitted model in Figure 5 . For the CfA data (71 measurements) the RMS residuals from the fit are 1.51 km s −1 and 1.63 km s −1 for the primary and secondary, respectively. The 16 measurements by Lacy (1998) show a scatter of 3.54 km s −1 and 4.10 km s −1 .
ABSOLUTE DIMENSIONS
The absolute masses and radii of V541 Cyg are listed in Table 6 12 . The relative uncertainties are smaller than 1% in both properties and represent a significant improvement over those obtained by Lacy (1998) . Our temperature estimates from Section 2 are marginally different for the two components, and are somewhat higher than those obtained by Guinan et al. (1996) , T eff = 9900 ± 400 K, and by Lacy (1998) , T eff = 9940 ± 60 K, both of whom assumed identical temperatures for the two stars.
Strömgren photometry obtained by Lacy (2002) along with the calibration by Crawford (1978) for B-type stars yields a mean reddening of E(b − y) = 0.066 ± 0.005, from which (b − y) 0 = −0.027 ± 0.005 for the combined light. Tabulations by Popper (1980) and Gray (2005) then yield mean temperatures of 10670 K and 10920 K, respectively. Alternatively, the corresponding reddening in the Johnson system, E(B − V ) = 0.089 ± 0.007, together with the measured B − V index of Lacy (1992) give (B − V ) 0 = −0.054 ± 0.010, from which we obtain 12 The physical constants used in this work conform to IAU Recommendation B3 (Prša et al. 2016) . Khaliullin (1985) in the V band along with our model light curve, reduced to the reference epoch T 0 in Table 5 . Enlargements of the primary and secondary eclipses in the bottom panels have the same horizontal scale to permit a direct comparison of the widths of the eclipses. Residuals from the fit are shown in each panel. mean temperatures of 10250 K (Popper 1980 ), 10890 K (Gray 2005 , and 10460 K (Pecaut & Mamajek 2013) . The average of the above five photometric estimates, 10640±150 K, is consistent with our spectroscopic determinations (10650 K for the primary and 10350 K for the secondary), supporting their accuracy. No spectroscopic metallicity is available for V541 Cyg; our own spectra are unsuitable for a detailed analysis because of the narrow wavelength range, the relatively low signal-to-noise ratios, and the degeneracy with temperature mentioned earlier. Table 6 lists our measured projected rotational velocities for the components, which are considerably smaller than earlier estimates of 20 ± 5 km s −1 by Guinan et al. (1996) and 24 ± 2 km s −1 by Lacy (1998) . Also listed are the expected rotational velocities assuming either pseudo-synchronous rotation (Hut 1981) or that the stars are synchronized to the mean orbital motion. The measurements agree well with the pseudo-synchronous values.
COMPARISON WITH STELLAR EVOLUTION MODELS
The accurate properties derived for V541 Cyg permit an interesting comparison with predictions from cur- rent stellar evolution theory. Figure 6 shows these determinations in the log g versus T eff plane along with evolutionary tracks for the measured masses from the MESA Isochrones and Stellar Tracks series (MIST; Choi et al. 2016 ) series, which is based on the Modules for Experiments in Stellar Astrophysics package (MESA; Paxton et al. 2011 Paxton et al. , 2013 Paxton et al. , 2015 . The metallicity in the models has been set to [Fe/H] = −0.18 in order to match the observations. The models are in excellent agreement with the observations at an age of 190 Myr; an isochrone for this age is shown in the figure with a dashed line. In particular, the temperature difference between the components determined from spectroscopy is consistent with the separation between the evolutionary tracks, which depends on the mass ratio. The stars are seen to be little evolved from the zero-age main sequence. The same comparison is shown in the mass-radius and mass- Table 4 , and the ephemeris curve from our global fit. Filled circles correspond to primary timings..
Estimates of the rate of apsidal motion for V541 Cyg have varied considerably over the years, beginning with the first measurement by (Khaliullin 1983 ) yieldinġ ω = 1.04 ± 0.15 deg century −1 , later revised to 0.90 ± 0.13 deg century −1 (Khaliullin 1985) . A similar estimate of 0.95±0.06 deg century −1 was published by Lines et al. (1989) . All three studies judged these values to be consistent with expectations from theory (including classical terms and General Relativity), although the physical parameters of the components necessary to compute the predicted apsidal motion rate were not particularly well known at the time, as no dynamical masses were available. Much smaller values ofω were reported subsequently by Wolf (1995) , 0.53 ± 0.11 deg century −1 , Guinan et al. (1996) , 0.52 ± 0.14 deg century −1 , and Lacy (1998), 0.60 ± 0.10 deg century −1 , all of whom concluded that the apsidal motion of V541 Cyg was too slow compared to theory. Finally, Volkov & Khaliullin (1999) and Wolf et al. (2010) reported intermediate values of 0.86 ± 0.05 deg century −1 and 0.76 ± 0.14 deg century −1 , respectively, and considered these to be in good agreement with theory.
The value resulting from our global fit (Table 5) , ω = 0.859
, is more in line with the recent studies and is considerably more precise. It corresponds to an apsidal period of U = 41800 +1000 −1800 years. The measurements and the computed ephemeris curve are shown in Figure 8 .
With the accurate knowledge we now have of the physical properties of the components, we estimate the predicted rate of periastron advance from classical terms (tidal and rotational distortions) to bė ω clas = 0.0988 +0.0062 −0.0054 deg century −1 , where we have adopted identical internal structure constants for the two stars of log k 2 = −2.33 ± 0.03 from the models by Claret (2004) , for the average mass and age of the system. The general relativistic contribution (e.g., Levi-Civita 1937; Giménez 1985 ) is calculated to bė ω GR = 0.7447 +0.0032 −0.0031 deg century −1 , which is 7.5 times larger than the classical effect. The total expected apsi-dal motion is thenω tot = 0.8435 +0.0073 −0.0065 deg century −1 . This agrees with our measurement within the uncertainties (at the 0.8σ level).
DISCUSSION AND FINAL REMARKS
Our measurements of the properties of V541 Cyg represent an improvement in the precision of the masses of a factor of ∼5 over the work of Lacy (1998) , and a factor of ∼3 in the radii. Much of this is due to the greater number and higher resolution of our spectroscopic observations, and partly also to the additional light curves from KELT. The absolute dimensions of the system now rank among the best for eclipsing binaries (see, e.g., Torres et al. 2010) .
The agreement with stellar evolution theory is excellent, and suggests an age of 190 Myr according to the MIST models. The abundance we infer from this comparison, [Fe/H] = −0.18, is not out of the ordinary. The U V W space motion components based on our center-ofmass velocity (CfA zero point), distance, and the proper motion from the first data release (DR1) of the Gaia mission (Lindegren et al. 2016) are U = +1.6 km s −1 , V = −6.8 km s −1 , and W = −9.3 km s −1 in the LSR frame.
13 These are typical of the thin disk, as expected from the youth of the system. V541 Cyg is a member of a very small group of eclipsing systems with well determined properties and accurately measured apsidal motion in which the contribution from General Relativity is significant. In this particular example the GR effect represents 88% of the total predicted motion. Estimates ofω over the last 30 years have relied almost exclusively on measurements of times of minimum light, and have varied by nearly a factor of two depending largely on the sample of timings used. In addition to having an updated list of historical timings going back to 1958, in this work we have added to the analysis radial velocities spanning 22 years and light curves separated in time by about 30 years, all of which provide additional information constraining the rate of periastron advance. As a result, the formal uncertainty ofω has been reduced significantly to better than 5%. We find that the observed rate agrees with the predicted rate within the errors, consistent with some of the more recent but less precise estimates from the last 15 years. Even so, it would be of considerable interest to attempt a determination of the orientation of the spin axes of the V541 Cyg components through the Rossiter-McLaughlin effect, which was used successfully in DI Her to show that the axes of those stars are tilted relative to the orbit, explaining the anomalously slow apsidal motion of that system that had puzzled astronomers for decades. Since there does not appear to be any disagreement with the expected value ofω for V541 Cyg, we would not expect the spin axes to be strongly misaligned.
Our accurate distance estimate for V541 Cyg leads to an inferred parallax of 1.167 +0.059 −0.050 mas that is marginally consistent with the trigonometric value of 0.70±0.34 mas from the first data release (DR1) of the Gaia mission, where the uncertainty quoted in the last value does not include an estimated contribution of 0.30 mas from systematic errors (Lindegren et al. 2016) . Recent studies (Stassun & Torres 2016; Jao et al. 2016 ) have indicated there may in fact be a small but significant bias in the Gaia parallaxes of about 0.25 mas, in the sense that the original Gaia values are too small. We note that this happens to go in the direction of bringing agreement in the case of V541 Cyg.
Finally, a detailed abundance analysis of V541 Cyg would be highly beneficial as it would permit a more stringent comparison with stellar evolution models than performed here. Because a change in abundance shifts the evolutionary tracks horizontally in Figure 6 , knowing the metallicity could serve to test the accuracy of the temperature estimates from this work.
